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ANALYTICAL AND EXPERIMENTAL INVESTIGATION OF
THE PRESENCE OF IONIZED MEDIA ON ANTENNA PROPERTIES

M.P. Bachynski

Research Latoratories
RCA Victor Company, Ltd.
Montreal, Canada

ABSTRACT

The following resear:h programme has been performed under

Contract AF 19(604)-733.

An experimental investigation of the behaviour of a micro-
wave horn antenna in the presence of a plasma sheath generated in helium,
has been conducted at a frequancy of 9.76¢ (x-band), The effect of
the plasma sheath on the far-field radiation pattern of the horn antenna
is to decrease the signal level at normal incidence (by as much as 25db
at "cut-off" conditions) and to redistribute the energy of the radiation
pattern over angle so that at large scanning angles the sidelobe level
may exceed those measured when the plasma is sbsent., The plasma does
not, however, present a serious mismatch to the antenna indicuting that
the plasma is not highly reflecting.

A simplified theoretical model which considers the plasma as
a uniform, infinite slat and takes into account diffraetion around the
edge of the experimental plasma container can be used to account for many
of the significant features which are observed.

A comprehensive series of investigations designed to test the
validity of various theoretical treatments of plasma properties and to
assess the accuracy of various microwave systems for determining the
properties of plasmas which are finite in extent using free-space micro-
wave techniques have been performed. Theoretical results have been
obtained for prediction of plasma effects such as plasma boundaries,
refractive defocussing, non-uniformity of plasma end diffraction due to
finite size of the plasma. Measurements on various experimental geometries
demonstrated the influence of the dielectric boundaries of the plasma
container, the effect of multiple reflections within the measurement system
and the precautions which must be exercised both in the measurement and
interpretation of the results. Measurements of plasma properties using a
number of different microwave arrangements were assessed and the limitations
of the various systems shown. Finally, free-space microwave determination
of the properties of a plasma generated in helium and in argon have been
made .

- Preliminary considerations have been given to the investigation
of antenna properties in the presen:e of a plasma sheath which is anisotropic
due to the presence of a static magnetic field. A magnetic field apparatus
suitable for such investigations and capable of generating magnetic field
strengths in excess of 4500 gauss with a working diameter of 7" has been
assembled and tested.
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I INTRODUCTION

A great deal of attention is being given at present to the per-
formance of antennas in the presence of ionized media and in particular
to the effect of a plasma sheath on communications to and from radio
systems engulfed by the plasma sheath, The aim of the work performed
under Contract AF 19(604)-7234 was to investigate experimentally and
analytically the effect of ionized media on the properties of microwave
antennas.

An experimental investigation of the influence of an isotropic
plasma sheath located in front of a microwave horn antenna on the radia-
tion pattern and impedance of that antenna was conducted. The plasma
sheath was generated by a 60c/s discharge in helium contained in a
cylindrical container. The effect of this plasma sheath on the radiation
characteristics and impedance of the microwave horn antenna was measured
in detail at a frequency c¢f 9.7Gec using a fast-acting microwave phase and
amplitude measuring system. Using the reciprocity theorem, analytiec
expressions were derived for the radiation pattern of a microwave horn
in front of an infinite plasma slab. These predictions did not agree
with the experimental values. By using a theoretical model which treats
the plasma as & uniform infinite slab and which considers diffraction
around the edge of the experimental plasma container, most of the
important features of the measurements could be explained. This jllustrated
importance of diffraction effects due to the finite size of the plasma on
the experimental measurements. In order to simulate the influence of a
plasma sheath on the radiation pattern of a microwave antenna in the
laboratory, a finite plasma contained in a dielectric bottle and a "real"
microwave measurements system must always be used. The result is that
some refraction, reflection, absorption and diffraction effects are
present. It was thus necessary to ascertain these effects in detail in
order to either eliminate or minimize their influence and to be able to

make a detailed quantitative interpretation of the experimental results.

Consequently, a comprehensive series of investigations designed

to test the validity of various theoretical treatments of plasma properties




and to assess the accuracy of various microwave systems for determining
the properties of plasmas which are finite in extent using free-space

microwave techniques was undertaken.

Theoretical results were obtained for prediction of plasma
effects such as plasma boundaries, refractive defocussing, non-uni-
formity of plasma and diffraction due to finite size of the plasma.
Measurements on various experimental geometries demonstrated the
influence of the dielectric boundaries of the plasma container, the
effects of multiple reflections within the measurement system and the
precautions which must be exercised both in the measurement and interpre-
tation of the results. Measurements of plasma properties using a number
of different microwave arrangements were assessed and the limitations of
the various systems shown. Finally, free-space microwave determination

of the properties of a plasma generated in helium and in argon were mede,

Having thus gained considerable insight into the effect of the
limitations of the finite size of the plasma, it is now possible to
design and conduct more quantitative experiments on the properties of
antennas in ionized media. A natural extension of the aforementioned
study of the effect of an isotropi: plasma sheath on the characteristics of
a microwave antenna is to perform similar measurements in the presence
of a plasma immersed in a static magnetic field and hence ascertain if
the sheath can be made transparent through the use of magnetic fields.

In order to perform such investigations a magnetic field facility is
necessary. Such a magnetic field apparatus has been set-up and tested
and preliminary considerations of the investigstion of antenna properties

in the presence of anisotropic piasma sheaths has been made.

The research programme conduzted under this contract can thus be
divided into the following phases:

1+ Investigation of Antenna Properties in the Presence of
Isotropic Ionized Media,

2. Nicrowave Measurements of Finite Plasmas.

3, Preliminary Considerations and Facilities_for Investi-
gation of Antenna Properties in the Presence of Aniso-
tropic Ionized Media.




The first two phases have been described in detail in scientific

reports,

Consequently, only a brief account of these investigations will be

given here. This report also contains preliminary consideration of antenna

properties in the presence of anisotrcpic media and & description of a
magnetic field facility set-up for such investigations,

As 8 result of the investigations conducted under Contract
AF 19(604)-7334 the following scientific reports and papers were written:

Scientific Reports

GsG. Cloutier
M.P. Bachynski
K.A, Graf

M,P. Bachynski
G.G. Cloutier
K.A. Graf

Papers Published

G.&., Cloutier
M.P. Bachynski

Cloutier

G‘e Gp
M.P. Bachynski

M.P. Bachynski
K.A. Graf

"Antenna Properties in the Presence of Ionized Media"
AFCRI-62-191, March (1962).

"Microwave Measurements of Finite Plasmas"
AFCRL~63-161, May (1963).

"Antenna Radiation Patterns in the Presence of a Plasma
Sheath", Proc. Symp. on The Plasma Sheath, Plenum Press.

"Antenna Characteristics in the Presence of a Plasma
Sheath", Proc, Symp. on E-M Theory and Antennas, Pergamon
Press, pp. 537=-548 (1963).

"Electromagnetic Properties of Finite Plasmas"
RCA Review XXV, March (1964) - (to be published).

The following papers were presented on work conducted under AF 19(604)-7334

G.G., Cloutier
M.P. Bachynski

G.G., Cloutier
M.P. Bachynski

M.P. Bachynski
G.G. Cloutier

"Antenna Radiation Patterns in the Presence of a Plasma
Sheath", 2nd Symp. on The Plasma Sheath, Boston April
10-12 (1962).

"Antenna Characteristics in the Presence of a Plasma
Sheath™, Symp. on E-M Theory and Antennes, Copenhagen,
June 25-30 (1962).

"Free~Space Microwave Measurements of Plasma Properties"
PTGAP International Symp., Boulder, July 9=-11 (1963).




II ANTENNA PROPERTIES IN THE PRESENCE OF ISOTROPIC IONIZED MEDIA

Experiments have been conducted which were designed to examine
the influence of an isotropic plasma sheath located in front of the
aperture of an x-band (9.7Ge) horn antenna on the far-field radiation
pattern and impedance of that antenna, The experimental techniques,
radiation pattern and impedance measurement of the antenna in the
presence of plasma and theoretical investigations and interpretations
are described below.

(a) Experimental Technigues

Containment and Generation of the Plasma: To approximate a
slab of plasma, the plasma was confined in a cylindrical glass container
terminated at both ends by parallel low loss dielectric (polyatyrene)
plates. The size of the container was limited by the requirements for a
uniform discharge throughout the entire volume and by the amount of power
required to generate a sufficiently intense plasma (for the x-band micro-
wave region) in this large volume. The final sige of the container
(see Fig. 1) was 8 inches in diameter and 4-3/4 inches long corresponding
to a thickness of the order of 3.5 wavelengths at x~band.

In order to apply power to the gas in the container, two flat
electrodes made of non-magnetic stainless steel were located within the
container at a distance of 6-1/k inches apart. Outlet and inlet
connections for evacuating the plasma container and admitting the gas
into it were also provided. The plasma is generated by applying e
60¢/s voltage through a 1031 step-up transformer to the electrodes.
Typical operating conditions are a voltage of 900 volts r.m.s. across
the discharge and a current of one ampere both suitable monitored by
an ammeter and voltmeter located in the circuit. Due to the relatively
high power generation in the plasma (~ 1 kilowatt), it was necessary to
oparate the discharge in short bursts of not more than one second to
prevent overheating the container. Synchronization of the measurements
with the firing of the plasma was accomplished from a main control switch.
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Helium gas was employed for the discharge and introduced into
the plasma container through a fine control needle valve in series

with & pressure regulator and a high pressure helium reservoir. 1In
order to prevent acscumulation of impurities in the plasma container
and to insure reproducibility of the plasma conditions, a continuous
gas feed system was used in which a small helium flow rate maintained
the gas pressure in the plasma container at a constant value. The
arrangement of the plasma container, the discharge electrical supply
unit and the gas handling system are shown in Fig. 2.

Microwave Arrangement and Techniques: The microwave trans-
mitting horn (15db gain) is also shown in Fig. 2, together with the

plasma container positioned on a rotary turntable. The receiver horn
and auxiliary microwave system is located in the far-field of the
transmitter. The turntable is motor driven and the angle of rotation
is determined by a synchro-generator. The entire microwave arrangement
is located within an anechoic room in such a way as to eliminate reflec-~
tion from the walls,

The microwave measurements are carried out using the "multiple
probe" technique developed by Osborne'. The multiprobe system allows
simultaneous messurements of phase and amplitude to be made over a wide
dynamic range and at a very rapid sampling rate. The resulting display
on an oscilloscope trace is a polar plot of amplitude and phase, i.e,.
the magnitude of the radius vector corresponds to the signal amplitude
and the polar angle to the phase of the microwave signal. The system
can be used for measurement of either the transmitted or reflected signal.

In this experiment a system was developed to display on an
oscilloscope the changes of phase and amplitude of the microwave signal
transmitted through or reflected by the plasma as the plasma character-
istics changed during one-quarter of a cycle of the 60 cycle gas dis-
charge. By applying to the oscilloscope a series of sharp brightening
pulses at a repetition rate of 10 Ko/s, the measurements were displayed
as a series of bright spots as showmn in Fig. 3. 1In this manner 40
points or 4O values of the plasma properties could be sampled in om-q\ux;tor
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Fig. 3: Typical measurements of transmission of electromagnetic waves
through a time-varying plasma using the multiple probe technique
at a frequency of 9.7Ge. The radius vector of the polar display
corresponds to amplitude while the polar angle is a direct
measure of the phase of the microwave signals.




Fig. 3:

Typical measurements of transmission of electromagnetic waves
through a time-varying plasma using the multiple probe technique
at a frequency of 9.7Ge. The radius vector of the polar display
corresponds to amplitude while the polar angle is a direct
measure of the phase of the microwave signals.




cycle of the discharge. Figure 3 illustrates a typical display of
miorowave transmission measurement across the bottle. The points
appearing near the edge of the screen correspond to the gero voltage
condition across the discharge and it is seen that as the discharge
intensity is increased, a large attenuation and phase shift is
observed for a x-band (9.7Gc) signal passing through the plasma.
Note the continuous unambiguous display of phase change in excess

of an angle of }600. This is another of the advantages of the
multiple probe technique and display. In addition, scale expansion
for greater accuracy at the high attenuation levels can also readily
be done.

The optimum conditions under which a uniform plasma in helium
of sufficient electron density to markedly affect x-band signal
frequencies could be produced was experimentally determined to occur
at pressures ranging from 0.30 to 1.0 torr. At low pressure, the
electron density is insufficient, while at higher pressures the dis-
charge becomes non-uniform constricting itself to the region between
the electrodes. ©For the measurements presented here, the helium
pressure was maintained at 0.85 torr which assuming a uniform plasma
slab corresponds to a plasma frequency of about 0.8 of the signal
frequency at x-band at the peak of the discharge cycle.

(b) Antenna Pattern and Impedance Measurements in the Presence of
Plasms

Far-Pield Antenns Patterns: The far-field antenna radiation
patterns in the presence of a plasinp. were measured in the following way.
Since the discharge could only be run for a short interval of time due
to the large amount of power dissipated in the plasma container, a
record of the phase and amplitude of the received signal for a fixed
scanning angle was obtained over a quarter oycle of the discharge by
means of the multiple probe sampling system. Consequently, it was
only necessary to run the discharge a fraction of a second for the meas-
urements at a given scanning angle. The same procedure was then repeated
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at two degree intervals of scanning angle. The far-field radiation
patterns for a given plasma intensity could then be obtained by

plotting the attenuation of a given dot on the multiple probe display

as function of the scanning angle. The phase variation with scanning
angle for a specifis plasma could similarly be obtained from s plot of
the phase angle variation for a given dot. The dots on the displays
are synchronized with the gas discharge and can thus be used as time
merkers corresponding to different plasma properties. The antenna
radiation patterns for other plasms intensities are, of course, com-
structed from the positions of other dots on the multiple probe displays.

For the above procedure to be valid, the electronic microwave
sampling system must be kept stable during a complete set of measure-~
ments and the discharge must be acourately reproducible for each angle
of the scanning range. The tests and procedures to achieve this are
described in detail by Cloutier and Bachynski®,

Typical measurements of the far-field radiation pattern (both
amplitude and phase) ofa microwave horn in the presence of a sheath
of plasma are shown in Fig. 4. The variations shown in Fig. 4 were
obtained at x-band (9.7Ge) with the electric vector of the transmitting
harn set in the horizontal direction. (A similar result is obtained
with the other polarization)..

The general characteristics of the x-band radiation patterns of
the horn antenna in the presence of a plasma are the following., A pro-
nounced minimum is observed at normal incidence and this minimum becomes
rredominant with increasing plasma density. The side lobes of the
antenna pattern tend to increase relative to the main lobe power level
and at large scanning angles (30-40°) may be greater than their no
plasma value. The phase front emanating from the plasma covered antenna
tend to become more planar with increasing electron density. Due to
the 1limited sige of the plasma container it is evident that the effects
at large scanning angles are seriously affected by diffraction around
the edges of the container. At greater electron densities (e I/«> 0.75
where up = plasma frequency, w = signal frequency), the received signal
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is generally more than 15 decibels below the signal received at normal
incidence in the absence of the plasma. These patterns are not shown
in Fig. 4, but their power levels lie well below those illustrated.

Auxiliary measurements of phase shift of a microwave signal
transmitted directly across the plasma were used to evaluate the
electron concentration and hence the plasma frequency. The evaluation
of the electron concentration was based on the theory for a uniform
slab of plasma of thickness equal to that of the interior of the plasma
container. This gave average electran concentration of 10'*electrons/on’
at the peak intensity of the gas discharge. Since microwave msasurements
of attenuation are much more sensitive to the geometrical arrangement
of the experiment, it is consequently much more dif'ficult to ocbtain
accurate conclusions regarding the collision frequency.

Antenna Impedance: The signal incident on the plasmsa and
reflected back into the transmitting horn creates a mismatch at the
transmitter. This effect of the plasma on the impedance of the trans-
mitting horn was also examined using the multiple-probe system. The
multiple-probe system gives a very convenient direct Smith chart display
of the antenna impedance.

Typical variations of the antenna impedance with plasma properties
at x-band frequencies are shown in Fig., 5. The multiple probe display
has been expanded to correspond to a preset nominal voltage standing
wave ratio (VSWR) at the outer ring of the record. The centre point
of the display corresponds to a VSWR of one and the transmitting horn
has been matched to the plasma container when there is no plasma. The
variation of the antenns impedance is then given by the apiral trace
starting from the origin and tracing out the antenna impedance over one-
quarter cycle of the gas discharge (from the no plasma intensity).

At x-band, even for plasma densities approaching the "cut-off"
condition, the VSWR introduced by the plasma does not exceed 1,70,
Comparing the VSWR measurements with transmission messurements (Pig. 3)
it can be seen that, as expected, the highest mismatch corresponds to
conditions of least transmission or greatest attenuation. It thus appears
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Fig. 5: Measured antenna impedance in the presence of plasma sheaths
of different properties at x-band (9.7Gc).
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that even at high electron densities most of the microwave energy
penetrates into the plasgma where at the peak plasma intensities a great
fraction of the incident energy is absorbed and/or scattered by the
plasma. The results are consistent with calculation based on a lossy
sladb of plasma®.

(¢) Radistion Pattern of a Microwave Horn in Presence of an Infinite
Plasma Sladb

Application of Reciprocity Theorem - Using Lorents's reciprocity
thearem it can be shown’ that the field B;(2), due to a source Ty,
observed at point Tp in the far-field may be expressed by

- - -> - -+ - -
B, (2):&](}[1 x Bg - Hy x By)ony ds
]

-
where & is a vector along B¢(2),
T4 18 a unit vectar normal to the surface s
and B, and He are the fields due to a dipole source at Ts.

From Equation (1) it is seen that the field due to the source Ty may

be evaluated at Ty from a knowledge of the fields due to Ty and Ty on
the surface sqj» It can be shown that by properly choosing the surface
8¢ it is possible to greatly simplify the problem of evaluating the
radiation pattern of an antenna in the presence of a plasma sheath. The
experimental arrangement may be represented by the schematic diagram of
Pig. 6.

The surface of integration s; is chosen as an infinite plane
lying between the aperture of the transmitting horn Ty and the surface of
the plasma slab facing the transmitter. 1In our experiment the receiving
horn Te is located in the far-field of the plasma slab. Therefore a
wave launched from Ty can be regarded to a good approximation as a plane
wave incident on the plasma slab. The field on s;, due to the point
source at Tp can thus be written as

Bs(¢) = T(¢) Beo(s)
Ha(¢) = T(¢) Heols)
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where T(¢) is the amplitude transmission coefficient of a plane wave
inocident on the plasma slab at an angle ¢, Egp, Hgo is the amplitude
of the field incident on the plasma slab. The field on sy due to the
transmitting horn Ty is given by the phase and amplitude distribution
of the field in the aperture of the horn. Since T(¢) is independent
of position on sy, Eq. (1) becomes

->

B (2) = T(¢):j(;["x;q ~Hi xBeo)* n ds (3)

Furthermore since E¢o, Hyo can be described by a plane wave the integral
over 34 essentially represents the far-field radiation pattern of the
transmitting horn Ty, Therefore the radiation pattern of the harn in
the presence of a plasma slab can be expressed by

B0 (2) = T(¢) Uy (¢) @)

where Uy(¢) is the far-field radiation pattern of the horn Ty. Bquation
(4) is extremely useful since it shows that the radiation pattern can be
computed simply from the knowledge of the transmission coefficient of the
plasma slab and the far~field radiation pattern of the transmitting horn.
The above derivation is justified as long as the absorptivity of the plasma
to microwaves is not too large i.e. within the limits of the geometrical
optics approximations,

The transmission and reflection coefficients of an infinite
slab of plasma d bounded by free space when a plane electromagnetic
wave is incident on the plasma at an angle 6 are given by’:

TT* {(z;+ Z)( sich"Pd + sin®Qd) + 22 cosh Pd sinh Pd + sinh® M

-1
+ cosh® Pd + 2z, sin Qd cos Qd} (5)+

RR* = TT*(L*+ M*)( sinh® Pd+ sin® Q4) (6)

where:




TT*, RR* are the power transmission and reflection coefficients respectively
D= (P+ RR)d

P = [W(K =sIn )" + K" - KK - sin'O)]%
Q= [ SsEm T 5, + (K, - stnt0)]¥

& - () e

K= (?)l 7%757'

W, up, v are respectively the radio frequency, plasma frequenocy and
effective collision frequency,

and for a horizontally polarized incident field (B perpendicular to
plane of incidence)

7 =2 cos®0+ Q%+
r = 2k|cosb (¢ +P)

_P [k'cos'e -Qf - P‘]
2k| cosf (Q"+

‘(Q/P)Zi
(B/R)z,

-
while for a vertically polarised incident field (B in plane of incidence)

k'cose

é( Ky + k rIcosGZg i's PFe QY

- kcosé

P 1

Z ’i(fi‘r" %x:l cowzxrloi'i; reQr
qxro-K

L =
(“1 -%,)
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Based on the above derivation of the transmission coefficient
for a plane wave incident on a plasma slab, computations were made for a
plasma characterised by (up/u) = 0,75 and (v/@) = 0.1, The thickness of
the plasma slab was set at three wavelengths (A= 3om).

The computed values of the power transmission coefficient TT*
are plotted in Fig. 7 on a decibel scale as function of the angle of
incidence on the plasma slab, The radiation pattern of the microwave
horn in the presence of the plasma slab was then obtained (using Eqn. 4)
by adding graphically the power trmsmi“s"sior; coefficient in decibels to
the measured radiation pattern (in dbs) of the miorowave horn. The
resulting curve is also shown in Fig. 7. It is seen that the attenmuation
caused by the presence of the infinite slab of plasma at normal incidence
is 7 decibels and that no increase in the power received is predicted as
the scanning angle 1is increased as is observed in the experimental measure-

ments.

Application of Diffraction Theory: A direct theoretical investi-
gation of the experimental arrangement is prohibitively complicated and
hence a suitable simple model which can lend itself to theoretical analysis
and which adequately describes the experimental arrangement must be sought.
Since the major complexity of the experiment is introduced by the finite
sige of the plasma container a series of measurements were conducted on
the influence of the container on the radiation pattern of the horn. 1In
this way it was established that the effect of the entire container oould
be effectively approximated by the outside dielectric plate of the plasma
container alone, as shown in Fig. 8. Furthermore using diffraction
theory* and taking into account the directivity of the microwave horn
antenna, the effects predicted analytically agree well with experiment.
Consequently, the theoretical model adopted for comparison with the experi-
mental determinations of the effect of a plasma on the radiation cha.racte::-
istics of a microwave horn was that of a horn radiator located directly
behind an infinite uniform slab of plasma with a dielectric plate on the
opposite side of the plasma representing the plasma container.

With this theoretical model it is possible to apply diffraction
theory taking into account the presence of the plasma. The derivation of
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this solution can now be carried out in a manner analagous to the deriva-
tion for diffraction by a dielectric disc conduocted previously. The
f£ield intensity in the far-field region when a plasma slab is located
between the source and the dielectric plate as given by the scalar
Kirchhoff diffraction theory can be written®

I(q) = [ka)* = q*J[(Ty+ Is)* + (I + L)*)

ka siné
2r/A, A is the free-space wavelength
radius of the dielectric plate

the diffraction or scanning angle measured from the normal
to the plate.

. ] o~kayy/p +T! e-pr' cos{kaz,Vp¥+ r*) Ja(qr) ngr

¢ ]
g +
° P

T —~—
- f’e'kay' prer e-ﬁr. cos(kaagVpT+ r*)Jo(gr) rdr
agVp' + rt

]

- ] g ke VP e a-ﬁr' sin(kea,Vp¥+ r')J’,‘gr)rdr
adp +Xr

r —~——
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ve =g, (1o K = (xtext]?
Y =Ny = (I Kl ;%)’} A v = effective electron

collision frequency

thickness of dielectric plate n = dielectric constant

of the plate

p =dy/a is the normalized distance between the source and the
dielectric plate

d¢ = distance from source to dielectric plate, which is the thickness
of the plasma

Jo is the Bessel function of the first kind

r =p/a is a normalized radius vector

p = radius vector in polar co-ordinates

4
ePP is the illumination function approximating the directivity of

the horn pattern. P is selected to fit the main lobe of the
radiation pattern

To is the upper limit of integration.

The analytic solution (7) is sufficiently involved to require
computation on an electronic computer.

Figure 9 shows such theoretical
curves obtained for the following parameters:

a

10 cm A=31cm

1.9 cm B =1.33 cm
1.58 cm

= 14 cm

"

rez= 2 Cm

ds

These values correspond to the experimental conditions for x-band
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measurements except that the actual plasma thickness in the experiment
was 3.5A. Due to the directivity of the source, the upper limit of
integration could be taken as ro = 2. The computed patterns display
only the main lobe of the radiation pattern since the approximations in
the theory are no longer valid for scanning angles larger than 20 degrees.

In agreement with the experimental observations (Fig. 4) the
power received at normal incidence decreases rapidly as the plasma
intensity increases, resulting in a deep minimum in the radiation
pattern at normal incidence. The effect of increasing collision
frequency is also shown and results in an effective lowering of the
overall power level of the far-field radiation pattern. The predicted
pover level is, however, greater than that measured experimentally.

This may be due to the fact that reflection at the plasma boundaries,
refraction at the first dielectric plate and nonuniformity in the plasma
are not considered in the analysis.

It thus seems essential, before going on to investigate the
effect of more complex plasma sheaths(such as a plasme which is aniso-
tropic due to the presence of a static magnetic field) on antenna behaviour,
to ascertain in detail the influence of these diffraction, reflection and
refraction effects. Once these phenomena are known and better under-
stood, then their influence can be either eliminated or minimized and
better quantitative interpretation of the effect of the plasma sheath
itself on antenna behaviour can be made. Such a series of investigations
is described in the next chapter.

IITI )MICROWAVE MEASUREMENTS OF FINITE PLASMAS

In practioce laboratory plasmas are finite in extent; they may
be contained by material walls, the boundaries of the plasma may not be
well defined and the plasma may be non-uniform in both space and time.

Similarly the r)ractical measurement system may not produce a plane
incident wave, the source and the receiver both have finite radiation
patterns, the plasma may be located in the near field of the source and

multiple interactions may occur between any of the source, the plasma




container, the plasma and the receiver. The result is refraction,
reflection, absorption and diffraction phenomena which are. not easy
to define and interpret but the understanding of which is essential
before accurate quantitative determination of plasma properties is

possible.

Although a number of microwave free-apace measurements of
plasma have been reported®~'° and some of the above limitations have
been mentioned, there does not appear to have been a systematic attempt
to assess the predictions of various simple theoretical models of the
plasma, develop theories to account for the influence of the afore-
mentioned effects and to test the accuracy of various microwave arrange-
ments for determining the properties of plasmas which are finite in
extent,

As part of the resaarch under Contract AF 19(604)-7334
theoretical predictions have been developed and typical numerical
values calculated for plasma effects such as plasma boundaries,
refractive defocussing by the plasma, non-uniformity of the plasma.
Experiments on various microwave arrangements have been conducted to
show the influence of the dielectric boundaries of the plasma container,
the effect of multiple reflections within the measurement system and
the precautions which must be exercised both in the measurements and in
the interpretation of the results. Measurements of plasma properties
with different experimental arrangements have been tested and the limita-
tions of the various systems ascertained. In addition, free-space
measurements of the properties of a slab or sheath of plasma generated
in helium and argon using the "optimum" microwave arrangement have been

made. This work is summarized in the following sections,

(a) Theory of Microwave Properties of Finite Plasmas

Bffect of Boundaries on Transmission and Reflection of Waves by
a Plasma: Many calculations on the effect of a plasma on an incident

plane electromagnetic wave are based on a theoretical model in which the
influence of the boundaries of the plasma are completely ignared. The




electromagnetic wave is considered to traverse a region of plasma equal
in extent to a given physical dimension but the effect of reflection
from the interface between the plasma and freespace and multiple
reflections within the plasma are neglected (see Fig. 10a). fhis
"unbounded plasma" model thus predicts the attenuation and phasé shift
that the plasma would introduce to a plane homogensous electromagnetic

wave traversing a given distance in an infinite, uniform, isotropio
plaSMe

A more realistic model (Fig. 10b) considers s plane, homogeneous

wave normally incident on a uniform, isotropic "plasma slab" bounded dby

free space, In this model both reflections from the interfaces and

multiple reflections within the plasma are taken into account.

In a laboratory plasma, the plasma is very often contained by
material walls. A theoretical model to take into account the effect of

the material container is a slab of plasma bounded by two flat dielectrie
plates (as shown in Fig. 10c).

Calculations of the attenuation and phase-shifts introduced by
a plasma to an incident electromagnetic wave based on these three models
have been made and compared for various plasma parameters. The predictions
of the different models give an indication of the range of validity of

each model and the accuracy of measurement of plasma properties to be
expected when free-space microwave techniques are used,

(i) Unbounded Plasma Model -~ In a uniform, neutral plasma of
electron density n and effective collision frequency v, the dielectric
constant can be written for a harmonic time varying field (ewt) as’:

- () () o

NS

1+s - dTysT

K = Kr- jKi

L
-

where:

“y is the plasma frequency = (ne'/mso)%
e,m are respsctively the electronic

charge and mass
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Fig. 10 Theoretical models for determining the transmission and reflection of
electromagnetic waves by a plasma

a unbounded plasma,

b plasma slab bounded by free-space,

c plasma slab contained within dielectric plates in free aspace.




€o is the permittivity of free space
@ is the radian radio frequency

N,S are normalized electron density and collision frequency
parameters given by: N = (u}/u)' ; S=v/w

For a plane homogeneous electromagnetic wave the propagation

constant (y), attenuation constant («) and phase constant (B) can be
written as:

y=¢+JB

|k - K%
(Y

B= l(?fﬂ-glifj% (100)

where:

| x|

and k

(=L )

20/A is the free space wave number.

For a wave propagating a distance d in the plasma, the trans-
mission coefficient T, and the reflection coefficient R are given by:

P =1-02

(11a)
(111)

R=0

The attenuation of the wave after propagating a distance d in

the plasma is given by:
d
ad = a(i-xx) (12a)

The phase shift which occurs when B/k changes from unity (no
plasma) to some value defined by the plasma is:

o[-0




(41) “Plasma Slab" Model: The theary for an “unbounded plasma"
is very simple to apply. It is usually considered quite accurate if the
refractive index of the plasma is close to unity, in which case reflections
from the plasma -~ freespace interfaces will be insignificant, To check
the validity of such assumptions, calculations were performed to determine
the attenuation and phase-shift of a plasma slab sharply bounded by free
space. Writing down the boundary conditions at each interface and
solving the electromagnetic equations gives the transmission coefficient

311

for normal incidence as:

? = g = [cosh(ad+ Pa)+ (2.~ §2,;) sinh(ad + Ba)1™! (13a)

The reflection coefficient (applied to the fields) is similarly
obtained and found to be

R= T[zi (E%) + 332, (g%)] sinh (a+ j8)d (13v)

where:

w Q) () w5

The incident energy which is not reflected or transmitted by the
plasma slab is absorbed; the absorbed power Aw is given by:

Aw = 1 = RR* - TT* (14)

where the R*, T* refer to the complex conjugates of R and T respectively.

(411) Plasma Slab Bounded by Dielectric Plates: Laboratory
measurements on plasmas are usually significantly affected by the

container in which the plasma is confined. Even when the index of
refraction of the plasma is close to unity, the combined effect of
reflection from the container and the plasma may be significant. To
study the magnitude of this effect, calculations were made for a model
consisting of a plasma slab bounded by two dielectric plates. The
geometry was as shown in Fig. 10e.




At normal incidence, the wavesin the plasma and the dielectric
will be plane waves. Nine "composite" waves representing all possible
reflections are of interest. One can write all the boundary conditions
of the electric field and the magnetic field across the various inter-
faces., Solving the resulting equations for the transmission and
reflection coefficients of the slab of plasma bounded by dielectries
plates in free-space gives’:

Z
Zo 24

4 Z 2 .2
+ 28 2
+ % { <-LZ. + —12‘> sinh 2y‘'d’ + <Z 2 ) cosh” y'd!
inh y

<z°z‘ J—%‘) sinh?® 'd'}g

T= { [cosh' y'd’+ sinh® y'a' + <§-‘- + —'-) ii—n%g!'—dl] cosh yd

}-1
2y 2o

= -_re as 1at 131t
R-T{ T z’>sinhyd cosh y'd' cosh yd

+ %[ (—g-:- - _Zi:_) cosh® y'd'+<zfz. —9Tl-> sinh'y'd :|a1nhyd} (153v)

where:

¥y, y' are the propagation constants of the plasma and the
dielectric plates respectively,

d, d' are respectively the thickness of the plasma and a
dielectric plate,

Zoy 29, 23 are the impedances of free space, dielectric and
plasma respectively.

If the dielectric plates are considered lossless, the propagation
constant of the dielectric y' will be purely imaginary.

y' =3ﬁ'=3k<%">=3“121

where y is the index of refraction of the dislectric plates.




The impedances of the dielectric and plasma can be written in
terms of the freespace impedance as:

24 =§; =§-9- H Z.:%;:Zo ;%)
1 M

where:
K¢ is the dielectric coefficient of the dielectric,

(iv) Comparison of the Three Models: The plots of the
attenuation and phase shif't dependence on electron density for the three

models show that the phase-shift is perturbed less by the interface
conditions than the attenuation for low values of electron density.
Since, very generally, phase shift is associated primarily with electron
density and attenuation with the electron collision frequency, the effect
of the interfaces makes the collision frequency more in doubt than the
electron density.

A polar plot of the amplitude and phase of a transmitted signal,
calculated for the three models, is shown for comparison in Fig. 11. The
curve dramn in each case is for collision frequencies (v/w) of 0.03 and
0.1. Because of interface effects, and the thickness of plasma and
dielectric plates which were used in the calculations, the deviation for
the three curves is more pronounced at some electron densities than at
others. As an example of the effect of the boundaries, note that for
a phase shift of 360°, the electron density (n/mo) measured by all
three methods is 0.8,

The "unbounded" theory shows less than 3db attenuation; when
the dielectric plates and the interfaces are taken into account more
than 6db attenuation is obtained. This is a significant difference.
Conversely, it can be deduced that an attemuation of 6db would give
a collision frequency of 0.03 by the "dielectric plate” calculations,
and & collision frequency of about 0.06 by the "unbounded" theory.

As the collision frequency increases the differences between the various
models becomes less and less significant.




Fig. 11a: Comparison of attenuation and phase shift as predicted by
the three theoretical models for the plasma for v/w= 0,03.

Solid Curve is for "Unbounded Plasma"
Dashed Curve is for "Dounded I"lasma"
Dotted Curve is for "Plasma Bounded by Dielectric Plates"

po=1.58; 4'/A=0.567; a/A = 1.8,




Comparison of attenuation and phase shift as predicted by the three theoretical

models for the plasma for v/w = 0.10 . The distinction between the models
becomes less significant with increasing collision frequency. For v/w = 0.3
and 1.0 81l models predict about the same result.




It is also interesting to note that the difference between
the unbounded theory and the plasma slab model are not significant
for low electron densities (N < 0.4); however, the effects of the
dielectric plates on the plasma slab at these low electron densities
are important due to the "matching" effects on the incident field.

Refractive Defocussing by Uniform Plasma Slabs and Cylinders:

Microwave systems used for the free-space measurement of plasma properties
can be broadly classified as to the type of incident wave front. The
arrangements most often employed are of the type that result in either

an incident plane wave (by the use of auxiliary lenses), a spherical
incident wave (unfocussed point source) or a highly focussed beam

(using lenses or other focussing devices) to give a high degree of

spatial resolution.

Since the refractive index of the plasma (u = K%) will, in
general, not be equal to the refractive index of free-space (uo = 1),
then refraction will occur at each boundary between plasma and free-space.
Using the concepts of geometric optics, the electromagnetic energy can be
considered as travelling along ray paths or rays which are normal to the
planes of constant phase of the wavefront. (We shall neglect in the
sequel the situation which can arise’® whereby the rays do not coincide
with the direction of energy travel - i.e. the direction of the Poynting

vector is not normal to the phase front i.e. inhomogeneous plane waves.)
The net result of the refraction is that the incident beam of energy is
spread out or defocussed by the plasma. (This is due to the fact that

for the plasma u < 1; for a dielectric with refractive index greater
than unity (g > 1) a focussing of the beam results.) The plasma can
thus be considered as a lens of refractive index less than unity. The
net result of this refractive defocussing is that the energy density of
the radiation in the region where it can be measured by a microwave
receiving system has been decreased not only by the amount of energy
absorbed by the plasma but also by the amount by which it has been spread
out. Consequently, in order to obtain a measure of the energy absorbed
by the plasma (and hence get a measure of collision frequency) some




estimate of the refractive defocussing is essential,

Sub ject to the limitations of geometric optics (dimensions
large compared to wavelength, losses in plasma small, etc.) it is
possible to derive expressions for the refractive defocussing by
uniform plasma slabs and plasma cylinders. These are discussed in
the sequel.

(1) pPlane Wave Incident: PFor a plane wave incident normally
on a slab of plasma no refractive defocussing occurs as shown in Fig. 12a.

A plane wave incident on a uniform, cylindrical plasma will be
refracted. With reference to Fig, 12a let the extreme ray of an
incident beam of radiation of radius a be intercepted by a plane of half-
width A located a distance R from the centre of the cylinder of plasma
of radius r. The angles of incidence and refraction are respectively
01 and Gn, while the other parameters are definsd in the diagram. Using
Snell's Law and geometric considerations, it is easy to show that in the
small angle limit:

r

1
2(%-1)R
T+ (p )

When the refractive index of the plasma is unity (u=1), then

a8 = a8 Oor
83 =1
A

For an extreme ray of radius A, the effective radius of the
beam of incident radiation which is intercepted is a. The effectof
the plasma is to reduce the radius of the incident beam which is inter-
cepted from ap to a. A measure of the refractive defocussing effect in
one dimension is then:

1
n=‘;:;'= S )1— (16)

1 = N 1
J_1)R 1 S
r+2(” ) +2(u =

We shall call 7 the "refractive defocussing coefficient” or in most cases
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Fig. 12 Refractive defocusing introduced by a uniform plasma for
a) plane wave incident,

b) spherical wave incident,

¢) focused beam incident,
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the "refractive defocussing"”,
Note that if u > 1, thenn > 1, i.e. wea get focussing.

Por a plane wave incident, the defocussing coefficient n is
a measure of the beam of energy intei'cepted by a receiver of aperture
dimension A, located at R in the presence of the cylinder of plasma
relative to that intercepted when there is no plasma cylinder. Notice
that for a plane incident wave the spreading or defocussing of energy
occurs only in the plane normal to the cylinder axis and no defocussing
offect is present along the axis of the cylinder,

(i1) Spherical Wave Incident (Point Source): A spherical wave

incident upon a uniform slab or cylinder of plasma will result in
refrective defocussing of the incident beam as shown in Fig. 12b.

To determine the refractive defocussing for a spherical wave
incident upon a uniform slab of plasma we can proceed as before. The
result is ‘

L n
-304.3-5{1- ——S05p

T

V¥ = sinfé

1

n=g= ) ) (178)

lom—= ]
R+R°< vy'-ain!¢

In the small angle approximation, cosp + 1, sind +» 0 and:

1
n= 1 d (17b)
- ) et
1‘(}: ;Ro-ko

For a spherical wave emenating from a point source, the total

energy received depends on the cross-sectional area of the beam normal
to the direction of propagation - i.e. it is propartional to a®. Hence




-38 -

the reduction in received power due to refractive defocussing is given
by n*. A typical variation of n® with electron density is shown in
Fis. 130

Por a spherical wave incident on a uniform cylinder of plasma,
following the procedure as before (see Fig. 12b) the relevant equations
become:

- r(Ro = r)

i r@+m)+<%-1jnn,

= & o
"% e

L —
ey - 1) Therm)

A similar result to Eqn. (18) has been obtained mreviously by
Heald'®*’'3, Notice that this is the refractive defocussing (power) for
a line source located parallel to the axis of the cylinder of plasma, i.e.
a cylindrical incident wave, For a2 point source, the reduction in power
due to refraction defocussing will be given by the product of Eqns. (17b')‘
and (18) since the defocussing will be two dimensional,

(411) Pocussed Beam: A fooussed beam incident on a slab of
plasma and focussed at the centre of the slab will be defocussed as shown
in Fig. 12¢c. From Snell's Law and geometric considerations we arrive
at:

-4
n:%’-a(ﬁcosei-1> ‘"EE:-"' (19)

The reduction in power for a focussed beam incident on a slab of
plasma will be propartional to n* since 7 is the refractive defocussing
along a radius of the incident beam and the total incident power is pro-
partional to the area of (radius)® of the incident beam.

An incident beam focussed at the centre of a uniform oylinder
of plasma will not suffer refractive def'ocussing in the plane normal to
the axis of the cylinder (see Fig. 12¢). There will, however, be




N = (wp/a)’

Figure 13: Reduction in received power due to refractive defocusing by a
uniform slab of plasma when a spherical wave is incident on
the plasma




- 40 ~

refractive defocussing in the direction along the axis of the oylinder
since in the axial direction the cylinder will present a plane rather
than cylindriocal surface, This refractive defocussing is given by Eqn-(19)-

Effects of Nop-Uniformity of Plasma
(1) Plasma Properties Varying in Direction of Propagation

No Boundaries: Consider a plane wave incident normally on
a slab of plasma of thickness 4. Let the electron density be a function
of position in the slab in the direction of propagation only., Since
the plane wave is incident normally on the slab of plasma no refractive
defocussing effects will occur even if the plasma properties vary in the

direction of propagation.

Initially, neglect the effect of the plasma boundaries so that
the reflected wave and multiple internal reflections within the plasma
can be ignored. (We shall return to these later.) This is a reasonable
assumption for a dilute plasma or a very lossy plasma.

Considering only the wave tramsmitted through the plasma then,
the phase change A¢ and attenuation Aa introduced by the plasma are:

A¢=j(ﬂf’l-1>dz ; Aa=j1%ldz (20)

where:
B(z), a(z) are the phase and attenuation coefficients respectively
and k = 2r/A the wave number in free space.

It is advantageous to normalige the phase change and attenuation
with regard to the thickness of the slab. Setting s = z/d yields:

A§=%=]<ﬂk-ﬂ—1)dg; =%=jgikﬂda (21)

The effect on a plane wave introduced by the plasma slab is then:

e-lcd(A - J A%



When the losses in the plasma are small Kr >> Ki (this is

the only type of plasma for which present free-space microwave techniques
are applicable) we can write:

Be) - x - [TRG) (22)

N(s)gzé:2=e'ns

m €olw

For a dilute lossless plasma N(s) << 1 so that

Be) 4z M) A&:-L—fN(s)da (23)

Thus for a dilute plasma the change in phase depends only on the
total electron density along the path and not on the electron density
distribution. In the sequel we shall not make the dilute plasma
approximation in considering the effect of the form of the electron
distribution on the phase of the transmitted electromagnetic wave but

will retain the restriction that Kr >> Ki’

The effect of the electron density profile on the phase of an
electromagnetic wave transmitted through a plasma has been considered by

Wharton'® and by Motley and Heald'®. We shall adopt the slightly more
general results due to Johnston'’.

Consider the electron density profile in the slab of plasma to
be given by a "barn roof" type of distribution of the form:

O<s<(1-4)
= N@,ﬁ%ﬁ(,-@%})] (1-A) < 8 <1

Nm is the maximum normaligzed electron density




A(€1) is the height of the "shoulder" and is also the
ratio of the average electron density to the
maximum electron density ~ i.e. the average
electron density in the slab is A Nm'

The normelized phase change introduced by a slab of plasma of
this form of electron distribution is then:

o[ otz Joes [fon ot (o)) o

(25)

[ ) (o) ()]

For a uniform slab, A=1, N=Nm and we go back to the original
integral (Eqn. 21) to obtain

(a2), _, = (1 -Nm)%- 1 (26)

A plot of A% wvs. N n for different density profiles (different
values of A) is shown in Fig. 14a. If we now normalize the results to
correspond to slabs of equal total electron content (equal values of A.Nm)
the result is shown in Fig. 14b. The striking feature to note is that
the phase is quite insensitive to the electron density profile even for
densities corresponding very near to the plasma frequency but depends
almost exclusively on the total electron content. It is thus
impossible with phase measurements performed at a fixed frequency to
ascertain with any degree of accuracy the electron density profile.
Only measurements performed at a number of different radio frequencies
on the same plasma can hope to give an indication of the electron
density distribution. This corresponds to keeping A fixed (same plasma
conditions) and varying N, (by changing the radio frequency).

An indication of the dependance of the attenuation on the




Pig. 14 (a)

(v)

(b)

Variation of phase change introduced by a Plasma with
normalized electron density for different spatial
distributions of electron density, (After Johnston'® .
Variation of phase change introduced by a plasma with

average normalized electron density for different

spatial distributions of electron density, (After Johnston'*),



the eleotron density profile is of value for analysing experimental data.
To a first approximation, the effective collision frequency is independent
of the electron density and will be considered as a; constant throughout
the slab in the ensuing discussion. In a plasma where & > Ki’ the
attenuation coefficient becomes:

~F N
ﬁ%lrgg-% ;jf% (27)

For the "barn roof" distribution of electron densities given by
Eqn. (24), the normalized attenuation coefficient is:

A=%['u{;3;

s e [“1.;(,-{14])] S
L] pmn [ Dot s T

These are the standard integrals which yield:

=%.L[-A ('A “X“ X1- ) n(‘*N—gX"Nm)&:]

For a uniform slab (A =1, N = Nm) we go back to the initial
expression (Eqn. (21)) to obtain:

N

=L o
Wher =5 T

A plot of Afv/w vs Nm for different density profiles is shown in
Pig. 15a. Again normaligzing the results to total electron content of the
slab, (Fig. 15b) reveals that the effect of the density distribution is not




Av/w)

4

Fig. 15 (8) Variation of normalized attenuation introduced by a plasma with normalized
electron density for different spatial distributions of electron density

(b) Variation of normalized attenuation introduced by a plasma with average

normalized electron density for different spatial distribution of eleotron
density.
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significant until Nm > 0.8, i.e, the elesctron density must be at least
80% of the cut-off density before the attenuation becomes sensitive to
the electron density profile. It is thus apparent that single frequency
measurements of either or both phase and attenuation will give little
information on the electron density distribution throughout the plasma.
Simultaneous probing at multiple frequencies offers some hope in this
direction.

Effect of Boundaries: The effect of the electron density
varying in the direption of propagation (z-direction) on the fields
reflected and transmitted by a plasma slab have been considered by a
number of people (see for example Budden'®, and Nicoll and Basu'®) with
probably the best set of numerical results being recently obtained by
Albini and Jahn®®’*', for a "trapezoidal®™ electron distribution - i.e.
a uniform slab of plasme bounded by symmetric linear ramps of electron
density. Such a "trapegoidal™ electron distribution (in the notation
of Albini and Jahn) is shown in Fig. 16, Note that changing Zo/A is
equivalent to changing the electron density profile whereas changing
Zt/7\ simply changes the thickness of the slab. The total electron
density over a cross-section of the slab is Nm(Zt-Zo) s while the average
electron density is Nm(1 = (20/2)). Taking the numerical results of
Albini and Jahn and plotting them against (Z £ Zo)/A for different
values of the "ramp" distance Zo/A results in the curves shown in Fig.17.
Note that (zt - Zo)/A is the normalized width of a uniform plasma sladb
of electron density equal to the maximum density of the trapezoidal
distribution and containing the same number of electrons as the slab of
width 2 t and having a "trapezoidal" distribution of electrons along its
width.

Pigure 17a shows the variation in amplitude of the reflected
and transmitted signals with slab thickness for different "ramp" distances
(Zo/A) for a lossless plasma of dielectric coefficient K = 0.25. As
expected, the more gradual the "ramp", the better is the "match™ of the
plasma and hence the more the signal which is transmitted through the
slab and the less the signal reflected from the plasma. The important
point to notice is that the positions of the maxima and minima of both




Fig. 16:

pr e e e e . e e

Trapezoidal distribution of electron density in s
Plasma slab as used by Albini and Jahn (ref. 20, 21)
in computing effect of spatial electron distribution

on transmission and reflection of electromagnetio
waves,
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the reflected and transmitted signals depend on the total electron density
or the physical length of a uniform plasma slab, and not on the actual
physical dimensions of the slab. This is the case until the "ramp"
dimensions become quite significant (Zo/A 3 0.50).

The effect of losses on the behaviour of the amplitude of the
transmitted-and reflected waves is shown in Fig. 170 for a plasma of
dielectric coefficient K = 0,24 - j* 10, 1In the presence of losses the
signals become less sensitive to the shape of the boundaries. 1In
particular the transmitted signal does not depend significa.ntly on the
ahspe of the electron density profile. .

As before the minima and maxima which have become drastically
damped occur at the same position for "ramp" distances up to 0.5\ when
the slab dimensions are normaliszed to those of a uniform slab,

The phase of the transmitted and reflected waves®' can also be
put in a normalized form which shows their dependence on the total electron
content and relative insensitivity to the shape of the electron density
profile. Albini and Jahn plot the total phase shift of the transmitted
wave §T upon passing through a plasma slab of thickness Zt and include the
free space path as well. To put this result into the form of the phase
change introduced by- the plasma. A% it is necessary to subtraét from QT the
plasma change in a path length zt in free-space. Thus,

Zy
by = 21 3= = |$gl

In Fig. 17c and 174 are shown plots of the phase shift of the
transmitted wave introduced by the plasma narmeliszed to total electron
density. The phase shift is very nearly the same as calculated for the
unbounded plasma. The effect of boundaries is to make the phase undulate
slightly about the no boundary value. The influence of losses does not
introduce any significant modifications. The density profile changes the
phase very dightly - by an amount which cannot be used by the present day
precision of plasma microwave measurements to give any reliable informa-
tion on the density profile of the plasma.
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For the phase of the reflected signal consider the reflections
to occur from the slab as if the boundery was located at the midpoint
between where the plasma starts and where the maximum electron density
has been reached. This is again replacing the slab by an equivalent
(in total electrons) uniform slab of the maximum density. We, therefore,
take the phase of the reflected wave QR as calcoulated by Albini and Jahn"
and add 2w/A Zo to their result (since the effective boundary of the slab
is considered to be at Zo/2 and the wave has to travel this distance
twice). Thus:

MrSQR'F%EZo °

Plots of A4 vs (zt-zo)/A (i.e. slab width) are shown in Fig. 17c
and 178. Only at values of Zo/A > 0.5 does the character of the reflected
phase depart notably from that of a uniform slab whose electron density is
the same as the maximum of the "trapezoidal® electron distribution and which
contains the same total number of electrons as the "trapezoidal® slab.

(11) Plasma Properties Varying Normal to Direction of Propagation:

Consider a plane wave normally incident upon 2 plasma slab. The properties
of the slab are constant throughout the thickness of the slab, but depend on
the distance from the centre of the plasma slab. That is the electron
density n(r) varies in the direction normal to the direction of propagation.
At the incident boundary of the slab (z = 0), the phase front of the
incident plane wave coincides with the front face of the slab, At the
second boundary of the slab (z = d) the phase of the wave emanating at a
height r above the centre line of the slab is:

M = kd [1-/1-N(r)]

The phase difference between the wave coming through the slab
at height r to the phase of the wave coming out at the centre of the
slab (r = 0) is

M(r) - 4(0) = kd (- /T=T(r) +Vi-No]




where:
2

No = %:-w" and no, the electron density along the width of the

slab positionr = 0

Nr) = n(r) ;f},

Eqn. (30)is thus the equation of the phase front (surface of
constant phase) of the wave emenating from the plasma. In physical
space the important parameter is the optical path length. The surface
of the constant path length is given by:

#(r) = 2EL=8O) gL TN + V- o] (31)
This is the shape in free space of the planes of constant phase
given in terms of physical dimensions,

Considering that the phase fronts are orthogonal to the
direction of energy travel, the ray incident upon the slab of plasma at
height r is refracted so that it emerges at some angle #(r) given by:

tan ¢(r) = - L5 (32)

If the beam of incident radiation of radius a is intercepted by
a plane of half-width A located a distance R from the second surface of
the slab then the refractive defocussing (n) intorudced by the non-uniform
electron density variation of the slab can be determined from:

(33)

(34)

A variety of different variations of the electron density with
direction narmal to the directlon of propagation and the corresponding
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refractive defocussing coefficient are possible, A convenient distribution

for labaratory experimental purposes is the parabolic distribution,

N(r) = No(1=T(r/ro)*) where ro is the radius of the plasma and I' represents
the amount by which the electron density has decreased at the edge of the
experimental plasma relative to the electron density at the ocentre (No).

Despite the fact that the resulting equation for n(a) is transcendental
it can be very readily solved.

Numerical results for a parabolic distribution of electron
densities as determinedfrom Eqn. (34) are shown in Fig. 18.

As can be
seen if the plasma is non-uniform then very strong attenuation effects

can be obtained due to these refractive effects.

The geometrical optics type of refractive defocussing as we
have considered cannot take into account the phase difference between the
various rays (from different radii) as they reach the receiving antenna,
In order to do this, resort must be made to diffraction theory.

Electromagnetic Wave Propagation Through Laboratory Plasmas as a
Diffraction Problem:

Most laboratory scale plasmas are only a few wave-
lengths in extent and hence when the properties of the plasma are to be
measured using electromagnetic waves, diffraction will play a major role

in determining the electromsgnetic energy that emanates from the plasma
and its distribution in space.

When considering diffraction phenomena, the Kirchhoff scalar
diffraction formula, although not rigorous in its formulation, has enjoyed
considerable success when applied to actual physical problems, Using
the scalar diffraction formula, the field u at 'point p may be written:

(p) = ;},—[j{f—j—k- By & (5 Jes (35)

is the distance of the field point p to the surface of integration

is the value of incident field (amplitude and phase) at the
element of integration -

where: s

n 1is the normal derivative in the plane of integration
is the surface of integration.



DIELECTRIC PLATES
INCLUDED

i i h a slab
Phase and attenuation of a plane incident wave transmitted throug
of plasma including the offect of dielectric plates and of lateral defoousing
in one-dimension for a parabolic distribution of electron density in
direction normal to direction of proprgation, (A:po).
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(1) Application to Point Source Illuminating Finite Plasma Slab:
To consider the diffraction phenomena introduced by a finite plasma, let

a source of electromagnetic energy be situated at point S (see Fig. 19s)
s distance (R-d) from a uniform slab of plasma of thiokness d. The
exit pupil of the system is an aperture of radius r located at the exit
position of the plasma slab. [In practice®®, it is found that the

exit pupil of a finite plasma container determines the major diffraction
effects so that the above model is a good approximation to a cylindriocal
slab of plasma of radius r and thickness d.] This exit pupil is taken
as the surface of integration. The problem is then to determine the
incident field over the exit pupil and perform the integration according
to Bqn.(35).in order to evaluate the field at the point p. The result
can be written:

2

ik at e-;lk(k+ R'+{% - 1}6.) -acy[

—afa?l® -jk(g+ %r «2%;- )at1®

° Uo(1)e )

u(p) = &g

. ok B 1 cos(¥9); a

where:

R' = [(Roex)"+ p'];"

Uo = free-space radiation pattern of the source representing both
the strength and directivity of the radiation,.

ROy
¢ fiaen (- amt]

and the other parameters are defined in Fig. 19a.
Making the substitution:
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8 = k(R+R'«{B/k - 1)4)

the integration with respect to ¢ is readily exeouted to give:

u(p) = j%)@'” e"“[ u,(l).'“‘"l' Jo(qL) 1 a1

where Jo is the gero order Bessel function of the first kind.

For the field along the principal axis of the system_Q x 0
so that:

2 y 2\-2 2
u(p) = %—ﬁl o~ ® o-ad[ Uo(1) o-(afa’1® -3P1% 4 o)

*

Consider the field along the principdl axis for a lossless
plasma (a = 0) which is uniformily illuminated from a point source
located at S (i.e. Up(1l) = w = constant). In this case:

E‘ﬁ = § (,\2,;;.') e'def °-3P1' l4d

G
.

I _gf{_%[_a_;;rzzz)]

The intensity along the pr:lneipa.l‘ axis 1s thus:

This is just the field along the principal axis of a circular
aperture., To study the influence of the plasma we must consider the
paramster P, After some algebra we can write:
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©) - ) Tl b+ G )

The effeoct of the plasma is thus to decrease the value of
(P/2) since the term f/k / [d+ (R~a) B/k] decreases as B/k decreases.
The effect of the plasma is to shift the axial radiation pattern of the
system,.

When the plasma is lossy (@ £ 0) and if the directivity of
the incident radiation can be approximated in the form:

]
Uc(l) = Uo 0.‘p°1
then Eqn. (38) can be written:

1
R ST I

-j[p=- § {ara® +831/2 j‘at& +Bg)

P- j]at‘a + 9!7]
o~(Bo + afat)

I(p) = r(l;—;.%r T ot ats E} {cosh(ﬁo-rafa') - oosP}] (42)
L

_ d(2ma?) .19;

ARR ' (31)

The intensity along the principal axis is then:

The effect of the losses in the plasma on the intensity is the
same as the effect of using a directive antenna.

(11) Application to Plane Wave Illumination of Plasma Whose
Properties Change in Radial Direction: Consider a plane wave incident
on a slab of plasma as shown in Fig. 19¢. The plasma is considered to
be non-uniform with the electron density N(r) depending upon distance
r from the centre of the plasma. A ray incident upon the plasma at r
emerges from the plasma at angle ¢, Assume a perfect lens i1s located a
distance R from the second surface of the slab. The energy at the focus
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of the lens is then readily determined if we know the field distribution
incident upon the lens, We then £ind** from a_plane incident wave and a
parabolic variation of the radial electron distribution

(u)p = %’g oo o'.ﬂrk(fo +R) o-J(Prd+ w{u'n w] (43)

Y= % (RS + Q2)n" (po®/ro®)

%o o>.(1+No+No')

P=[1 -E%'-<1+J%){1+§gl (1+Jv/v)}:|
l‘Ig-'-l‘<1-o-,j1:'-;)[1+Hgl (1+Jv/w):l

No/(1+v*/u®)
n=x/p
ro = radius of plasma

Po = radius of lens

Note that P and W are complex so that the expression is not as simple
as it seems. VWhen the plasma and the lens are the same sisze: po = ro
and the values of 7 calculated in the previous section are applicable,
(otherwise n is calculated from Egn. 34 with A set equal to po).

In the limiting case of:

(a) uniform plasma: I' = 0, so that S =0, Q = 0 and W = 0,

o-Jk(Ro + B) ""“‘{[ E%‘( ):I -t (‘*%) }“‘ (4

u(p) = k s T ° °




(b) 1lens against plasma: R=0,1n =1,V -«% Qd

k g0 0B _u(p+q/2)a [sin{(xa/?

Numerical results for a parabolic distribution of electrons are shown in
Fig. 20 which illustrates the effect of the non-uniformity in electron
density, the effect of the distance of the lens from the plasma and the
offect of collision frequency. One can,for example, perform measure-
ments at different positions from the plasma in order to determine the
degree of non-uniformity of the plasma. Note that the non-uniformity
in the electron density of the plasma and the geometry of the arrsangement
(Rd/ro®) have a far-greater influence on the electromagnetic wave passing
through the plasma than does the collision frequency.

(b) Experimental Study of Microwave Systems: Many microwave
measurements of plasma properties by free-space ‘propagation techniques

have been carried out without a detailed knowledge of the possible influence
of various effects such as refraction, reflection and diffraction on t